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Defintion 1: A differential equation (DE) is an equation involving an unknown function and certain of
its derivatives on some interval.

Remark: We'll initially be interested in
y' = f(t,y)

Definition 2: The solution to a DE is a function y(t) satisfying the equation on some set I.

Definition 3: An ordinary differential equation (ODE) is called linear if it has the following form
an D)y ™ () + an—1 Oy (@) + o+ ar(B)y'(8) + ao(t)y(t) = f(1)
Remark: For n =1,
a1 (t)y'(t) + ao(t)y(t) = f(t)
and for n = 2
ax(t)y" (t) + ar(t)y'(t) + ao(t)y(t) = f(t)

Definition 4: The order of a DE is equal to the highest derivative present.
Example 5: We find the slope field for y' =t —y.
Definition 6: An ODE of the form

dy
a f()
is called autonomous.
Example 7:
r—ul1— g)
Yy Yy ( I
'=0 (1 - g) ~0
Yy =Y I

Therfore the equilibrium solutions are y = 0 and y = L. Now draw a phase line and find that y = L is stable
(a sink) while y = 0 is unstable (a source).

Definition 8: A first-order DE is called seperable if it has the form

Y = f(t)g(y)

Theorem 9: Given a seperable DE, a solution is given by

/g(ly)dy/f(t)dt

y =ty,y(0) =1

Example 10:



1
/ —dy = /tdt
Y
Lo
In|y| = §t +C
y(t) = Aez? A= £e€
Now plug in the initial condition and we have

y(t) = e’

Platform 9% (Euler’s Method): Given 3’ = f(t,v),y(to) = yo, the slope of a solution y at point (o, yo)

is simply f(to,y0). So, pick a step size h, assume the solution is affine or pretty close, and we get that
tp =th—1+ h
and
Yn = Yn—1 + hf(tnfhynfl)

Platform 9% Again (That Was Quick) (Existance and Uniqueness): Let’s take a look at a DE with

f(t,y) continuous. Perhaps this will guarantee uniqueness.

Example 11:
y =y5,y(0) =0
1
yS
3ys =t+C
1
t) = —t3
y1( ) o7
But wait!

is also a solution (the trivial solution). Moreover,

0, t<¢
t) =
vel) {Qﬁ(t—f)?’ , t>£}

since this is a shift of the right side of y; £ units right, with the left side replaced by y,. Notice that this
works V€ > 0,£ € R. So there are infinitely many solutions.
Well that failed. Looks like we have to look for stronger criteria than continuity or differentiablity for

uniquness.



Theorem 12 (Picard-Lindelof): Consider the IVP

y/ = f(tv y)7y(t0) = Y0

and suppose that f is Lipschitz continuous in y - that is, 3L > 0 3 |f(¢,y1) — (¢, y2)| < L|y2 — y1]| (it doesn’t
have to be Lipschitz in t) - on some rectangle about (tg,4o). Then the IVP has a unique solution.
Theorem 13: Consider the IVP

y' = fty),y(to) = yo
Assume that both f and f, are continuous on some rectangle about (to,%o). Then there is a unique solution

that exists on some subrectangle of the rectangle about (tg,yo)-
Theorem 14 (Cauchy-Peano): Given the IVP

Y = f(t,y),y(to) = yo

if f is continuous on some rectangle about (¢g,yo), then the IVP has a solution.

Platform 9% (Linear Equations): Why? Because even though nothing interesting in the real world is
linear, understanding linear equations will help us understand nonlinear equations.

Definition 15: Let L be an operator mapping from some vector space V to some vector space W - that is,
L:V — W. Then L is called linear if

1. L(y+2)=Ly+ Lz,Vy,z €V

2. L(ay) = aLy,YVa € R and Vy € V
Example 16: Some examples of linear operators:

1. % =: Ly

2. f; ydt =: Ly

3.y +2y —3y=: Ly

4. y' + fot y(r)dr =: Ly
To prove that say

Ly :=y" +2y — 3y
is linear we would show that
Ly +y2) = (y1 +32)" +2(y1 +y2)" = 3(y1 + 32)

= (7 +2y1 — 3y1) + (v5 + 25 — 3y2)
= Ly; + Lys



and

(ay1)” + 2(ay1)" = 3(ayr)
= alyy + 2y, — 3y1]

L(ay)

= aliy
Theorem 17: Let L be linear. Then if
Ly =Ly =0
then
L L(y1 +y2) =0
2. L(ay1) =0,YVa e R

Proof: The proof is practically trivial and no, I'm not going to write it out.
Theorem 18 (Nonhomogeneous Principle): Let L be linear. Then if y, solves Ly = 0 and y, solves
Ly = f (that is, y, is any one solution to Ly = f), for some f, then y := y,, + y, solves Ly = f. Moreover,
every solution to Ly = f has the form y,, + y,.
Example 19:

Yy +ay = b, where a,b € R are fixed

Put Ly := ¢y’ 4+ ay. Then the DE reads Ly = b. Now we solve Ly = 0.

Ly=20
Yy +ay=0
y' =—ay
yn(t) = Ae

Now find any one solution to Ly = b which can be rewritten 3’ + ay = b. Note that

b
Yp(t) P
solves Ly = b. Thus the general solution to vy’ + ay = b is

b —at
y(t) =yn +yp =+ Ae

Example 20:
T+y=>5



First find Z, which solves = + y = 0.

works. Thus our solution is

Platform 92 (Euler-Lagrange Method): Consider the DE y' + p(t)y = f(t). Put Ly := ¢’ + p(t)y. Now
solve Ly = 0.

Ly=20

Y +pt)y=0

y' =—p(t)y
1
/;dy = /—p(t)dt +C
In|y| = /—p(t)dt +C

yn(t) : = Ae—J Pt
where A := +¢%. Now solve Ly = f. Pick as an ansatz

plt) = () POU



Therefore

yp(t) = v/ (e T PON g ot) [—p(rye I 1O]
Yylt) + p(t)y = v/ (D) POU — u(e)p(t)e T PON L o(t)p(t)e ] PO
y;,(t) +p(t)y, =v'(t)e [ p(t)dt
£(t) = ' (£)e~ I PO
V' (t) = el Pt

o(t) = / el PO £ (t)dt
yp(t) = [ / ef Pt f(t)dt} e p(dt

Thus our final solution is
y=yp+uyn=e I PO {A - /ef p(t)dtf(t)dt]

Platform 92 (Integrating Factor Method): Start with
¥ +p(t)y = f(t)
Multiply through by some integrating factor u(t) to get

u(t)y + p(t)p(t)y = pt) f(t)

The question is if we can find a u(t) so that

u(t)y + pt)p(t)y = [u(t)y)’

Solving for this u we get

Wy 4wy = py' + ppy

Wy = ppy
W (t)
w7
In(u(t))) = p(t)
mwm>=/mwﬁ
ult) = el PO

The key facts are this formula for picking u, the fact from which all this is derived,

ly]" = nf



and
1 C
y:*/ufdt+*
I ju

Example 21:
y +2y=10

First use the IFM. Put p(t) := e/ 24 = 2!, Now
[thy]/ _ th .0=0
ezty=/0dt=O+C’

y(t) = Ce™™

Alternatively, you can use Linear Operator Theory. Clearly

Yp = 0
On the other hand,
Yh = Cei2t
because
Y =-2y=y=Ce?
Therefore

y=yn+y,=Ce >

Definition 22: We call R: C*(I) — C(I) the Riccati operator if R has the form

! 1 2
Rz(t) :== 2'(t) + q(t) + mz (t)

for t € I. (Assume that p,q € C(I).) Also, the DE

1
/
=0
z +Q+p(t)22

is called the Riccati DE.
Remark: The Riccati DE is used in

1. Oscillation theory (Fite-Winthes, Emden-Fowler)

2. Calculus of variations



Theorem 23 (Factorization Theorem): Assume x € C'(J), where J C R, and z(t) # 0 on J. Then if

p(t)z' (t)
x(t)

,teld

z(t) :=

then
Lz(t) = x(t)Rz(t),Vt € J

where R is the Riccati operator and L is the operator
La = (p(t)2'(t))" + q(t)=(t)

which is the second order self-adjoint operator.

Proof: Assume that x € C*(J), x(t) # 0, and put

which is the so-called Riccati substitution. So:

2
sz:x[z’—I—q—i—Zp}

' — (pz )z’ T 21,/2
_ | @) 2(19 ) ]+qx+.p(2)
T p T
x2 pI/ / pzl ' pZI v 2
) e P
= (p2')' +qu
=Lz

King’s Cross Station (Applications):
Platform 9% (Exponential Decay/Growth): Malthusian growth, circa 1797, says

dy _

ar Y

where y is the amount of some quantity and r is the decay rate if » < 0 and the growth rate is r > 0. To
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solve this
dy
hal A
atr Y
1
/ —dy = /rdt
Yy
Inly|=rt+C
y(t) = Ae™

and after solving for A given initial condition y(0) = yo
y(t) = yoe™

Platform 92 (Annuity Problem):

dA

— =rA+a,A0) = A

dt
where A is the amount of money, a is the amount deposited per time unit, r is the interest rate, and Ay is
the initial deposit. The units on % are money per time, the units on A are money, the units on r are per

time and the units on a is money per time. Solving this using the IFM, first rewriting it in the proper form
A =rA+a

A —rA=a

then finding u(t)
ﬂ(t) _ ef —rdt _ =t
and finally solving for A(t)
[efrtA]/ _ aefrt
efrtA _ _gefrt + C
r

A(t) = —g +Cet

and then go back to solve for C



11

SO

A(t) = —% + (AO + %) et

— 7(€rt)+AOert

3|

Platform 92 (Newton’s Law of Cooling):

dT
— =k(My—T),k>0

@ = FMo=T)

where T is the object’s temperature, My is the surrounding temperature, and k is the thermal diffusity
constant.

Platform 92 (Mixing Tanks):
dx
g = TiCi ~ ToCo
where ¢; is the concentration of liquid flowing into the tank, r; is the rate of flow into the tank, ¢, is the
concentration of liquid flowing out of the tank, r, is the rate of flow out of the tank, and x is the amount of
substance in the tank. The units on ‘fl—f are amount per time, the units on ¢; and ¢, are amount per volume,
and the units on r; and r, are volume per time.

Example 24a (LOgiSth Model):
! ( Yy )

L
where L is the carrying capacity, y is the number of individuals, and r is the intrinsic exponential growth
rate. We can draw a phase line to see that there is a stable equilibrium at y = L and an unstable equilibrium
at y =0.
Example 24b (Logistic Model with Threshold):

reli- ) ()

where T' < L is the threshold population. Drawing the phase line again, we find a stable equilibrium at
y = L, an unstable equilibrium at y = T'. All populations below T" crash to 0 and all 0 populations remain
there.

Example 25 (Supercritical Pitchfork Bifurcation):

d
d—i:ay—y37a€R

For example, for a = 0, we get
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and so y = 0 is a stable equilibrium. Instead of doing this for all «,, we can draw a bifurcation diagram.

Solving when « > 0,

ay—y> =0
a—y>=0
y'=a

y==+va

Drawing the phase line for this, we get that there are stable equilibria at y = /a and y = —/a and an
unstable equilibrium at y = 0. Now for a < 0, there are no a € R that satisfy ay — y® = 0, so there is only
a stable equilibrium at y = 0.

Platform 9% (Systems): Consider the general autonomous first-order system

{ = f(z,y) x<to>=xo}

d
Y =g(x,y) , ylto) =yo

Basically you plot the solution parametrically surpressing the dependence on time. Now by the parametric

derivate rule
dy  dy/dt

dr  dx/dt

Now, for a point to be an equilibrium, both 4% and % must be 0.

dt
Example 26 (Lotka-Voltera Model):
Ideas:

e Foxes are predators.

Rabbits are prey.

In the absence of rabbits, the fox population decreases exponentially.

In the absense of foxes, the rabbit population increases exponentially.

e We model the interaction between rabbits and foxes by a mass-action term — namely, (number of

foxes) x (number of rabbits).

So we have
dR
% = aRR - CRRF
dF
= —apF + crRF

dr
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where R is the number of rabbits, F' is the number of foxes, ag is the intrinsic growth rate for rabbits, ap is
the intrinsic decay rate for foxes, and cg and cp describe how bad an encounter of a rabbit with a fox is for
the rabbit and how good it is for the fox, respectively. Note that all the constants are always nonnegative.

Plugging in some constants for the sake of the example, namely, we get

B _op_pE
dt
dF
— = —3F + 2RF
a7 3F +2R
Solving this for equlibria we get
R(2—F)=0

F(=3+42R) =0

To continue, we can find the h-nullclines (lines made of points where the slope is horizontal). So set Cé—f =0

and solve.

—3F +2RF =0
F(—=3+42R) =0

So we have h-nullclines at ' =0 and R = % Now finding the v-nullclines (lines made of points where the

slope is vertical). So set % = 0 and solve.

2R— RF =0
R2-F)=0

So we have v-nullclines at R = 0 and F' = 2. Now pick tests points in each reagion between nullclines to see
that some sort of counterclockwise rotation is going on here. However, we don’t know if solutions spiral out,
spiral in, or cirlce forever. However, the solutions do turn out to be closed loops. So obvioulsy it’s the circle

of life and we need to watch The Lion King.
Example 27 (Competition Model):

dR _
dt
§25(2—S—R):S(2—5)—SR

R(3— R—25)=R(3— R) — 2RS
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Find the equilibrium:

RBB-R-25)=0= R=0

R=3-25
S2-5-R) =0=—5=0
§=2-9

So the equilibria are (0,0), (0,2), (3,0), and (1,1). The h-nullclines are

S p—
S=—-R+2
and the v-nullclines are
R=0
1 3
S=—— -
2R + 2

Platform 9% (Math Epidemiology): Some possible things to model: susceptibles, infectives, recovered,

vector, contageous asymptomatic, quarantine. This model was developed in the 1920s by Kermack and
McKendrick.
Example 28 (SI Model):

s

E = —aSI,S(O) = S()
dI
E :O[SI,I(O) :I()

where S is the number of susceptibles, I is the number of infectives, and « is the rate of infectivity. Notice

that

ds dI
— 4+ — = 1 =N
7 +dt 0< (S+1)(t)

Therefore
S'(t) = —aS(N —9)

and by seperation of variables

_ (N=-1)N
S(t) = (N —1) + eNat
Example 29 (SIS model):
Cfl—f =—aSI + 31,5(0) = Sy
dI

< = aSI=BLI0) =1y
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where S is the number of susceptibles, I is the number of infectives, « is the rate of infectivity, and (3 is the
rate of recovery. Note that
ds dI

S =0e S+ =N

Therefore
I'(t)=aS(N —1)— 81
= (aN — B)I — aI?
=rl — al?

where k := alN — 3. Solving this we get

Kt

Tgrr o+ K70
I(t) = wlent =t
@ , R = 0
Now consider the following limits:
k>0=lmI(t) = t
t—0 6%
0

k=0=1lmI(t) =
t—0
/<;<0:>tlir1(1)l(t):0

so for k > 0, an epidemic occurs, and for k < 0, no epidemic occurs.
Example 30 (Anderson et al., 1986, HIV—AIDS):

dz

i —v(t)z,z(0) =1
dy _
T v(t)z,y(0) =0

where x is the proportion of the population in the HIV state and y is the proportion of the population in
the AIDS state. v(t) is a given function, which was statistically approximated by v(t) = 0.237t. Note that

x4+ y = 1. Solving for x, we get .
d—f Fu(t)z(t) =0

Inz(t) = /—V(t)dt +C

0.237
Inz(t) = —?tZ +C
— 03

z(t)=e
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a.nd SO
0.237 42
— D257y

yt)y=1—e

Platform 92 (Some Notation):

{igzﬂm,w . a(ty) = o
g

% (may) ) y(to) = Yo

} &7 = ft.7)
Definition 31: Consider the ODE #/(t) = f(t,f), where f : T x Q — R", where T C R, Q C R". Then
é(t, ) detnotes the collection of all solutions to the DE with initial condition Z(0) = &,. Thus, ¢ is the
flow of the DE.
Example 32:

y — 2ty = 8t

We will use Euler-Lagrange to solve this. First find yp:

y — 2ty =0
y =2ty
Yn = Aet’
Now for y,:
v = 8te~t
V= —éle_t2
Therefore
42 42
yp = —4de " e = —4
And so

y=yn+y,=Ac" —4

Now to find the flow, set an initial condition y(0) = y*. Then

And so

And the flow is written as
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From this we can analyze the solutions qualitatively.

Example 33:

x| = —2xq2% =—3x2+1

Note that this can be written in the form ¥ = AZ + f, specifically,

x} -2 0 1 0
= +
x4 0 -3 To 1
Looking at the first equation, we have
1 = Ae %
The second equation can be solved by the integrating factor method.
,U'(t) _ ef 3dt _ 3t

3t

St)/ —e

(z2e

Toe® = gegt +C

And therefore the flow is

1 1
(ﬁ(t,.’l)l,l’g) = (xle_zt’ g + (-TQ — 3) 6_3t>

Definition 34: Let @y € R™ and r > 0. Let &'(t) = f(Z) be an ODE in n unknown functions and in n
equations. Suppose that Zy is an equilibrium point for # = f(#) (that is, f(Zy) = 0¥¢). Then:

1. &, is stable if for each open ball 3, (%) there is another open ball 85(Zy), then ¢(t, &) € B, (Zo), Vt > 0.

2. If, in addition to (1.), 36,(Zo) so that for each ¥ € B,(%), ¢(t,F) — Ty as t — oo, then T is
asymptotically stable.

3. If neither (1.) nor (2.) holds, then Z; is unstable.
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Definition 35: A set S C R" is said to be positively or forward invariant under the system

—

Z(t) = f(Z)

if for each Zy € 5,

o(t, 7o) € S,V >0
Definition 36: The w-limit set of a flow ¢(¢, %) is

w(@o) = {F e R": J(tr)721 2 tp — 00 = ¢(tk, To) — T}

Also, the a-limit set is

a(Zy) = {Z € R : J(tr)5=; 2 tx — —o0 = P(tk,Zo) — 2}

Example 37:

Yy = =5y
y(t) = Ae™™

y(0) =yo = yo = Ae’ = A= Yo
Therfore the flow is

o(t,y) = ye "

Now analyzing the solutions, we see that all solutions tend to zero and therefore

w(y) ={0},Vy R

B 0 , y#0
(y)—{{o} - }

T

Now looking at the reverse direction,

Example 38:

= -1

~ =~

2
Ty = X2 + 7

x1(t) = Ae™ t
Plugging this into the second equation we get

rh — o = A%e™?
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Solving this you eventually get
A?
xo(t) = 7?67%

Now to find the flow consider the initial conditions z1(0) = 29 and z2(0) = z3. So

+ Bet

0_
i =A

and

And therefore the flow is

Now notice that )

o(t, x1,x2) —>6<:}x—31+x2 =0

and
2

€T —
31 +z2 # 0= [|o(t, z1, 22)[|2 — 00
So xy = —%? is called a stable manifold of this system. This holds because the set
2
S = {fERQZ.’L‘Q:—J;:}

is invariant since

. 22 2 22
¢ — R P S TR
o(t,x1,x39) (:1716 S e '+ 3 3 e
2
(zlet, mle”)
3
which is in S.

Definition 39: Let Z; be an equilibrium point for the system & = f(&), where f€ C1(Q2) and Q € R™. A
continuously differentiable function V defined in Qg € Q with &y € Qg is called a Lyapunov function for
the system &’ = f(Z) on € provided that V() = 0, V(%) > 0 for & # %y, and 4V (%) = VV(Z) - f(Z) <
0,VZ € Qp. If we replace %V(f) < 0 with %V(f) < 0, then V is strict Lyapunov.
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Theorem 40 (Lyapunov’s Direct Method, 1892): If V is Lyapunov for & = f(Z) on an open set 2
containing ¥p, then Zj is stable. Furthermore, if V is strict Lyapunov, then &y is asymptotically stable.
Finally, if V > 0,VZ € Q\{Z,}, then & is unstable.

Corollary 41: If V is Lyapunov for & = f(Z) on a bounded open set €2, then Ve > 0 constant such that
{€Q: V(¥ <c)}is closed, the set {Z € Q: V(Z < ¢)} is positively invariant.

Example 42:

Now (0,0) is an equilibrium. Put
V(z,y) = az® + By?

Now

d .
= (ao,2By) - (—x — zy?, —y + 32°y)

= —2ax? — 202%y? — 28y? + 6822y

Pick @« =3 and § = 1. Then
V = —622 — 2y < 0,¥& € R2\{(0,0)}

Since V(vec0) = 0 and V > 0 on R2\{0}, V is a Lyapunov function and (0,0) is globally asymptotically

stable. You can then build a set

S:={ZcR?*:32% + 3> < ¢}

which is positively invariant.

Example 43:

¥ =2y +yz

Yy =z — a2

Note that (0,0,0) is an equilibrium. Put

V(z,y,2) = az® + fy* + 72°
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Now

V = (2az,2By,272) - (—2y + yz,x — xz, 7Y)
= —daxy + 2axyz + 2Bzy — 20ryz + 2yxYyz
= 2y(—4da + 20) + zyz(2a — 20 + 27)

So we need a solution to

—4a+26=0
200 —-28+2y=0

one of which is @ =y = 1,8 = 2. Therefore V is a non-strict Lyapunov function.

Theorem 44 (LaSalle’s Invariance Theorem, ca. 1964): Let V be Lyapunov for & = f(Z) on a
bounded open set Q@ C R™ > &y € Q, where Zy is an equilibrium point. If ¢ > 0 is a constant so that
S :={Z:V(Z) < c}is aclosed set in R™, and if there exists no & # &y in S such that V(¢(t, Z)) is constant
for t > 0, then V& € S, ¢(t,%) — &y as t — oo.

Example 45:
x' =y
y=-r-y
V(z,y) =a®+y*
Example 46:

Y =—z+y’ —2

Viz,y) =2 +y°

Platform 93 (Vector Spaces, Revisited):
Flashback: Definition 1 from Notes on a Series of Lectures on Vector Calculus: Let V be a set.

V is called a vector space provided that Vz,y,z € V and «, 3 € R:
l.z+y=y+=z
2. alz+y)=ax+ay
3. (a+PB)x=ax+ pz

4. 30 €Voz+0
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5. 1l-x ==
6. (z+y)+z=a+(y+2)
7.3 >32+2=0
8. a(fz) = (a- Bz
9. z24+yeV
10. ax €V
Example 47: Some examples of vector spaces include
R™
(%)
Mynxn(R)
P (R)
Example 48: Some sets that are not vector spaces:
RS
Pg
Example 49: Let S be the solutions to
y" +pt)y +a(t)y =0

where p,q : C(7) — R are given.
Claim: S is a vector space.
Outline of Proof:

Closure under scalar multiplication: Let u € S. So, u solves the DE. Let ¢ € R. Then:

cu” + ep(t)u’ + cq(t)u
clu” + p(t)u" + q(t)u]
—c-0

=0

(cu)” + p(t)(cw)" + q(t) (cu)

Therefore cu € S.
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Closure under vector addition: Let u,v € S. Then:

[u+v]" + p(t)[u+v] 4 q(t)[u+v] = [u" + p(t)u’ + q(t)u] + [v" + p(t)v" 4 q(t)v]
=0+0
=0

Therefore u+v € S.
Theorem 50 (Cancellation Law): If z,y,z € V a vector space such that  + z =y + z, then . = y.
Corollary 51: Given a vector space, the zero vector is unique.

Theorem 52: In any vector space V, the following hold:
1. 0z =0,Vx €V
2. (—a)xr = —(ax) = a(—z),YVa e R,z € V
3. a0 =0,Va € R

Definition 53: A subset W of a vector space V over a field F is called a subspace of V if W is a vector
space over F' with the operations of addition and scalar multiplication defined on V.
Remark: Given any V, {0} and V are trivial subspaces.

Theorem 54: Let V be a vector space and W C V. Then W is a subspace if and only if
1.0eWw
2. x+y € W wherever z,y €¢ W
3. ax € W wherever z € W, a € R
Example 55 (Example of a Subspace):
V= C((0,1])

Prove: That
W= {f € C([0,1]) : f(0) = f(1) =0}

is a subspace.
Proof:

1.0e W
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2. x +y € W whenever z,y € W

3. cx € W whenever ce R,z € W

o o
8 S
e
= o
—_ =
I

Nonexample:

W = {(a,0,b,1,¢) : a,b,c € R} CR®

is not a subspace of R® since 0 ¢ .
Definition 56: Let V be a vector space and S C V with S # 0. A vector v € V is called a linear

combination of vectors in S if there exist vectors uy,...,u, € V and scalars aq, ..., a, € R such that

v = Z a; U;
i=1
Example 57: Write (2,6,8) € R? as a linear combination of

1,2,1

) 9

(1,2,1)

(—2,-4,-2)
(0,2,3)
(2,0, -3)
(—3,8,16)

So

(2,6,5) = a1uy + aguz + azus + aqug + asus
and to solve this, solve the system
a1 — 2as + 2a4 — 3as = 2

2a1 — 4as + 2a3 + 8as =6
a1 — 2as + 3az — 3ayg + 16as
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And after some intermediate steps we find that one possible solution is

a; = —4
as =0
az3 =17
ays =3
a5 =0

Definition 58: Let S # ) satisfy S C V, where V is a vector space. Then the span of S, denoted span(.5),
is the set consisting of all linear combinations of the vectors in S.
Remark: span(0) := {0}
Example 59:
span({(1,0,0),(0,1,0)}) = zy-plane

Theorem 60: The span of any subset S of a vector space V is a subspace of V. Moreover, any subspace of

V containing S must contain the span(.S), or, in other words,
V 25 =V Dspan(S)

Definition 61: A subset S of a vector space V generates (or spans) V if span(S) = V. In this case, we

say taht the vectors of S generate V.

{1 )

Il(l) ?]Espan(S)

Example 62:
Prove or disprove that

Does

10
= C1V1 + C2v2 + C3U3
0 1

have a solution?
1 0
1 = C1V1 + C2VU2 + C3V3

s

c1+c2 c2+cC3

- C2
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So we have the system

l=c+c
0=co+cs
0=—
1=1co

But this has no solution, Therefore our equation above has no solution and therfore

1
0

I =

0
) 1 ¢ span(S)

Definition 63: A subset S of a vector space V is called linearly dependent (LD) if there exist finitely

many distinct vectors ug, ..., u, € S and scalars aq, ..., a,, not all zero so that

n
E A;U; — 0
i=1

Alternatively, if the only representation of 0 as a linear combination of the vectors in S is the trivial one,
then S is linearly independent (LI).

Factoids:
1. @ is LI
2. A set consisting of exactly one vector in LI.

Theorem 64: Let V be a vector space and let S; C So C V. Then if S7 is LD, then Sy is LD, and if Sy is
LI, then Sy is LI.

Theorem 65: Let S be a LI subset of a vector space V, and let v € V3 v ¢ S, then SU {v} is LD if and
only if v € span(S).

Definition 66: A basis 3 for a vector space V is a LI generating set for V.

Example 67: Some examples:
1. B:={é1,...,&,} is a basis for R”, where €; has i*® component 1 and all others 0.

2. B:={1,x,22,...,2"} is a basis for P,(R).

3.ﬁ::{l1 Ol,lo 11,[0 0]7l0 Ol}isabasisfongxg(R).
0 0 0 0 1 0 0 1
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Theorem 68: Let V be a vector space and § = {u1,...,un} C V. Then f§ is a basis for V if and only if each

v € V can be uniquely expressed in the form
UV =a1u1 + ... + apuy,

for some a; € R, 1 <i<n.

Theorem 69: If a vector space V is generated by a finite set S, then some subset of S is a basis for V.
Hence, V has a finite basis.

Theorem 70 (Replacement Theorem): Let V' be a vector space generated by a set G containing exactly
n vectors, and let L be an LI subset of V containing exactly m vectors. Then m < n and 3H C G 5 H
contains exactly n — m vectors and L U H generates V.

Corollary 71: If you let V' be a vector space with finite basis, then every basis for V' has the same number
of vectors.

Definition 72: A vector space is called finite dimensional if it has a basis consisting of a finite number of
vectors. A vector space that does not satisfy this is infinite dimensional. The unique number of vectors
in each basis for V' is called the dimension of V', denoted dim(V).

Example 73: Another laundry list:
1. dim({0}) =0
2. dim(R™) =n
3. dim(P,(R)) =n—+1
4. dim(M,,xn(R)) = mn
Example 74: Observe that the set
S ={(1,0,0,-1),(0,1,0,-1),(0,0,1,-1),(0,0,0,1)} C R*

is LI. So we get by Corollary 75 that S generates R* and thus is a basis for R*.

Corollary 75: Let V be a vector space with dimension n.

1. Any finite generating set for V' has at least n vectors, and a generating set with exactly n vectors is a

basis.
2. Any LI subset of V' with exactly n vectors is a basis for V.

3. Every LI subset of V' can be extended to a basis for V.
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Theorem 76: Let W be a subspace of a finite dimensional vector space V', then W is finite dinensional and
dim(W) < dim(V). If dim(W) = dim(V'), then W = V.

Example 77: Find a basis for the set of solutions to

1’1721’24’1’3:0

201 — 322+ 23 =0

Use Gaussian elimination to solve the system.

1 -2 1 0
2 -3 10

So we get
r1 = T3
Tg = XT3
Now let t = x3, where t € R. Then
Tr1 = t
T = t
I3 = t

Or in other words ¢(1,1,1). Therefore a basis for the set of solutions is {(1,1,1)}.
Platform 93 (Wronskian and the Column Space):
Definition 78: A set of vector functions {vy(t),...,v,(t)} in a vector space V is linearly independant on

an interval [ if for each ¢ € I the only solution to

i Ci’l]i(t) =0
i=1
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is the trivial one (¢1 =...=¢, =0). If Ity € I 3 >, ¢;v;(to) = 0 has a nontrivial solution, then the set is
linearly dependant.
Definition 79: Given a set of functions {f;(t)}?_, where f; : I CR — R, for each i = 1, ...,n, then

Hilt) e fa(D)
W[fla"'afn](t) = .
n—1 n—1
O I ()
is called the Wronskian of fi,..., f,.
Theorem 80: If W|[fy, ..., f](t) # 0,Vt € I, where f; : I CR — R,i=1,...,n, then {f1,..., f} are linearly
independant of I.
Remark: If W[f1,..., fn](t) =0 on I, then {fi,..., fn} need not be linearly independant.
Example 81:
S={t*+1,t* — 1,2t +5}
t?+1 t*—1 2t+5

W, fo, fsl(8) | 2t 2t 2 |=-8+#£0
2 2 0

Aside (Column Vectors): Say I have the matrix

=)
N o o

1
0
2

Then I can treat each column of the matrix as a vector. Specifically, the vectors (1,0,2), (0,1,4), and (0,0,7).
Definition 82: For any m x n matrix A, the column space, denoted Col(A), is the span of the column
vectors of A.

Factoids:

1. The pivot columns of A are a basis for Col(A).
2. dim(Col(A)) =:rank(A).

3. A~ exists if and only if rank(A) = n.

4. The column space is a subspace.

Platform 93 (Inro to Chapter 4): Say I have the DE

an(t)y"™ (8) + .+ ar(t)y' (1) + ao(t)y(t) = f(2)
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This is hard if the a,’s are actually dependant on time. So let’s look at an easier situation, say
ay’ +by +cy=0

By ansatz, we guess that y will have the form y = e®*. Therefore

at
y=e
y/ — aeat
"
— aQeat

Plugging these into the DE we get

aae® + bae™ 4 ce®t =0

elaa® +ba +c] =0

at

Since e® is not zero unless oo = 0

ac? +ba+c¢=0

—b 4+ Vb% — dac

4= 2a
So we have two possible values for a:
—b+vb% — dac
o =—
! 2a
—b—b% —4dac
g =—"——
2 2a
And we always have two solutions:
y1 = et
Yo = e

And this works in general.

Aside: The equation
ac? +ba+c=0

is known as the characteristic equation for this type of system.

Example 83:
y" + 6y + 5y =0,y(0) =0,y'(0) =1
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By our work above, we get to

> +6a+5=0
(a+5)(a+1)=0

a={-51}
And so a basis for the solution space is S = {e~%,e~!}. Therefore, the solution is
y(t) = cre™ ™ + coe” !

And now solving for the constants we get

Example 84:
y'+2 +y=0

a®+2a+1=0
(a+1)?=0
ap = oy = —1
For some unknown reason, v = {e~%,tet} is a basis for the solution space and therefore the solution is
y(t) = cre” " +cote™?

because you can just multiply by a ¢ to get a second solution (and you need a second solution to form your
basis).
Example 85:

Yy 4y 16y + 4y +y =0

The characteristic equation here is

a6 +4r+1=0
(r+1)*=0

7‘1:7"2:7’3:7‘4:—1
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But we need 4 parts in our basis so we make it v = {e~! te~t,t?e =t t3¢~!} and therefore our solution is
y(t) = cre” " +cote” "t + cst?et 4 eqtdet

Definition 86: The equation
at?y” + bty +cy=0

is called a (homogeneous) Euler-Cauchy problem.

Example 87:
t2y" + 2ty — 12y =0

Ansatz: y =1t"

y=1t"
y/ _ Ttr71

Y =r(r— 1)t
Plugging these in, we get

Clr(r =Dt ) 4 2t(rt" ) — 1267 =0
t"r(r—1)+2r—12]=0

So our characteristic equation is
r4+r—12=0
(r=3)(r+4)=0
r={3,—-4}
So our basis is v = {t3,#7*} and therefore our solution is
y(t) = ert® + ot ™4

Aside: If r = r{ = rg, then

y(t) = e1t” + eot” Int

Platform 92 (Order Reduction):
y' +pt)y +aq(t)y =0



33

Say I know one solution to this DE, call it y;(¢) and I want to find a second, LI solution. Let yo := v(t)y; (¢).
Then

y2 = v(t)y (1)

Yo =v'y1 + oy

yy ="y 0y + 'y oy
= 0"y + 2"y + vy

Plug that into the DE and you get

0 =v"y1 + 20"y + vyl + p(t)v'y1 + p(t)vyy + q(t)vy
="y + 20'y; + pv'yr + ol + oyl + gl
=v"y1 + 20"y} + pv'y

Therefore

0"y + 2] + pya]v’ =0

Let w(t) :=v’. Then

w'yr + 21 +pyr]w =0
2 /
W+ Y1 +Py1w -0
Y1
Solve this by integrating factor method.

[ 2y +pyy dt

M(t) = ¢’ y1
[ 2YLdt+ [ pdt

Y1

= e’

— 2yl [ pdt

And there are a bunch more steps and you get

e— [ p(t)dt
ya(t) = y1(t)/Wdt

Looking back up at the above steps, note that if v(¢t) = C, this does not work. Thus the two solutions are

linearly independant.
Theorem 88 (Reduction of Order): Let y; be a known solution on interval I C R to the ODE

y' +p(t)y+qt)y=0
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where p,q € C(I). Then B :={y1,y2} is a basis for the solution space, where

e~ [ p(t)dt
() = () / ECRS

Example 89:
y'+2 +y=0

a’+2a+1=0
(a+1)2=0

a1:a2:—1

So one solution is

Using Reduction of Order, we get

— [ 2dt
—ot [
Yo =e€ / = dt

Example 90 (Chebyshev’s Equation): Find a second solution to
(1—=1)y" —ty' +y=0

Given that y;(t) =t is a solution.

And so our general solution is
K 1
——dr
to T2V1 — 72

y(t) = crt + eot



Platform 9%: Say we solve something and our basis is

B = {e(a%i)t, e(afﬁi)t}
We usually rewrite it like this:

y(t) = kle(a+6i)t + k2€(a—ﬁi)t
= k1[e®*(cos Bt + isin Bt)] + ka[e®* (cos Bt — i sin Bt)]
= ki[e™(cos Bt + isin ft)] + ka[e* (cos(—Bt) + isin(—03t))]
= e™[(ky + kg) cos Bt + (ki — kg)isin (3t]
= e%t[cy cos Bt + ¢ sin (]

where
C1 = kl — kQ
Cy = (kl — k‘g)Z
Example 91:
y'+9y =0
Our characteristic equation is
2 4+9=0

r=4+3t=0%3:
So
ri=0+3i

rg =0 — 31

y(t) = e"[c; sin 3t + co cos 3t

= ¢1 sin 3t + ¢9 cos 3t
Platform 92 (Inhomogeneous Equations):
ay” +by' +cy = f(1)

Example 92:
y// + 4y/ — t

35
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Taking a guess at the form of the solution, we have
yp = At> + Bt +C
y; =2A+B
y, =24

Plugging these back in we have

2A + 4(2At + B) = t
24+ 8At +4B =t
8AL + (2A +4B) =t

84 =1
24+4B =0
Al

8

__ 1

16

Notice that the C' dropped out because there was no y term in the DE, so it can be anything and so we

might as well make it 0. So ) .

t) ==t — —t

and since the general solution to the homogeneous equation

y// _"_ 4y/ — 0
is found from the characteristic equation
r? 4+ 4r =0
T = 0
Tro = —4

to be

yn(t) = c1e® + cre

our final solution is
1 2 1 ;

y(t) = yn +yp = c1 + 2™ + 3 16



Example 93:
y”—y’—2y26et

The homogeneous equation
y// _ y/ _ 2y — O

has characteristic equation

r2—r—-2=0

(r—=2)(r+1)=0

and has general solution

yn(t) = cre?t + coe?

Our ansatz for the particular solution is

Ael = —3Aet
A=-3
So
Yp = —3e!
and
yit) =y +yp = —3et + 1t + coe”
Example 94:

y”—2y'+y=3et

First solve the homogeneous equation

y' =2 +y=0

which has characteristic equation
r?—2r+1=0
(r—=12=0

Thus

T1:T'2:1

t

37
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the general solution is

yn(t) = cre’ + cote’

and our basis is

B = {e' te'}
For the particular solution, guess

yp = At?e!
y, = 2Ate" + At’e’
Yy = 2Ae’ + 4Ate" + At?e!

Plugging all these in, you find that

24" = 3¢t
a3
2
And so
yp(t) = the"

and therefore the final solution is
t ¢, 32t
y(t) = yn +yp = 16" + cate’ + §t e
Platform 92 (Variation of Parameters/Constants):
y' + o)y +a(t)y = f(t)
The general solution to the forced equation is always going to be
yn(t) = c1y1(t) + caya(t)

where B = {y;,y2} is a basis for the solution space. We claim that the particular solution to the original

equation will be in the form

Yp = V1Y1 + V2Y2

[

Yy = V1YL + V1Y) + vhY2 + vayh = V1Y) + vayh

Yy = V1Y) + v1y) + vayh + vayy
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To make this work we require vjy; + vhys = 0. Now we plug these in to the original equation to get

ViYL + vyl + vhys + vayy + plury) + vays] + qlviyr + vaye] = f(1)
vilyy + pyi + qui] + valyd + pyh + qua] + vy +vhys = f(t)
viyh + vhys = f(t)

Now between this equation and our requirement from above, we get a system of two equations in two

variables.
V1Y) + vys = f(t)
vy + vhys =0

which can be rewritten with matrices as

el
Y1 Yo vh 0

Remark:
v = — Y2 f
! W[y17y2]
’U/ _ ylf
2 W[yh y2]
Example 95:

y" +y=4sint

The homogeneous equation is

y'+y=0
and has cahracteristic equation
2 4+1=0
SO
r =41

and its general solution is

yn(t) = ¢y sint + ¢y cost
To find a particular solution to the original equation we first find the Wronskian

sint  cost

Wisint,cost] = =-1

cost —sint
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Thus
, —cost-4sint .
vlziil:élsmtcost
4dsin?t 1 — cos2t
v, = bml :—4sin2t:—4%:20082t—2

and integrating we have

v1(t) = —2cos?t
vo(t) = sin 2t — 2t

Platform 93 (Springs):
ma + b + kx = Fy coswyt, (0) = xo, £(0) = vo

Assume b = 0. Then we get

m& + kx = Fycoswyt
The forced equation
mi+kx=0
T+ —z=0
m

has characteristic equation
SO

and our general solution is

x(t) = ¢1 coswpt + ¢o sinwot
where wg := 1/%. Now we have two cases.

Case I: wy # wy Since we only have a zeroth and a second derivative, we pick
xp = Acoswyt + Bsinwyt
ip = —Aws? coswst — Bwy?sinwyt
Plugging these in we get
m(—Aws? coswyt — Bwy? sinwyst) + k(Acoswyt + Bsinwst) = Fy coswyt
A(k — mw;?) coswyt + B(k — w?) sinwyt = Fy coswyt



so that drops out. Meanwhile

And so

Bk—w;?) =0

Ak —mws?) = Fy

F, F,

m(ys —w?)  wo? —wy

Iy

t)= ——M— t
xp(t) m(0? — ) coswy

Case II: wy = wy After a lot of work you end up getting

Platform 93 (Series Methods):

where

Fo .
zp(t) = S t sinwot

az(x)y" + a1 (x)y" + ao(x)y =0

" al(m) / ao(.’t)
v ag(m)y as(x)

y' +P)y +Q(x)y=0

P)= (2) @
Q@)= (%) @)

az

41

Definition 96: A function is analytic at x = «a if it can be represented by a power series centered at = = a.

Definition 97: A point is said to be an ordinary point of

if both P(z) and Q(z) are analytic at the point. A point that is not ordinary for

is called a singular point.

Example 98:

y" + P(z)y + Q(z)y =0

y'+ Px)y +Qz)y =0
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Let
oo
y=>_ ana"
n=0

Then

e’}
y/ — 2 :annxnfl
n=1

y" = Z anpn(n —1)z" 2

n=2

Plugging these in we get

i anpn(n —1)z" 2 + i anx’™ =0
n=2 n=0

o oo
Z anta(n+2)(n+1)z™ + Z apz” =0

n=0 n=0

> @ ant2(n+2)(n+1) +a,] =0

n=0
And so our recurrence relation is
ant2(n+2)(n+1)+a, =0
Solving for a2, we get

P — )
2 T T Dt 2)

Assume ag, a; given. Then

_ @ a
2T T
“=oE
Gy = — a2 :_[_%}] _ %

(3)(4) (3)(4) 4

as = ... = 5*}
ag = ... = —a
ly=..=—2

7!



and so on. Therefore,

y(m):Zanaz”
n=0
a
—a0+a1x—§x2—3—}
2  at
= Qo |:a_2'+4'_:|

=agcosx + aysinx

Example 99 (Ary’s Equation):

y'—ay=0

Qo 4
+ o7 +§x+
3+x5
R T
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Plugging the generalized power series representations of 4" and y as derived above into this equation, we get

And so we get that

aQ::O

ant1(n)(n+1) —ap_—2=0

Solving the recurrence relation for a, 41, we get

Ap—2

GQZZO

YT )
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Now, with ag,a; given,

a2:0

“ = 2)0)

“T 3@

a5:0

e — B _ ag

T )6 2)3)(5)(6)
T B@)6)(T)
08:0

and so on. Therefore,

Q,
y(@) = ap + a1z + oo’ +

=a 1+x—3+ +a a+x—4+
= Qg 6 1 12

Theorem 100 (Power Series Method): If x = ¢ is an ordinary point of
v+ P(@)y + Qx)y =0

then there always exist two LI power series solution centered at xg. The series converge at least on the
interval |z — xo| < R, where R is the distance from z( to the nearest singularity point.
Example 101:

y'+y=0,9(0)=0,y'(0) =1

Put
1 =Y
xo =y
which is the canonical substitution. So
Xy = T2
zy =y"

But then



Platform 9%:
Y™+ an_1y" Y + L+ asy” 4+ a1y + agy = f(1)
=Yy
T = y/

I3 =Y

and

and
v, =y = f(t) — a1y — . —agy
Note that o
xy, = f(t) — Z AjTj+1
j=0

and you can write all of this in matrix vector form as

x} 0 1 0o - 0 x
xh 0 0 1 - 0 Ta
— : +
1'41_1 0 0 0 1 Tp—1
| x| | —ap —a1 —as —an-1 | | Zn |
Example 102:

Ty = —2r1 + T2
!

Ty =21 — 2T
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or alternately

From the first equation we have
xo = 2} + 211
xh =z + 22
and from the second equation we have

(2 + 22)) = 21 — 2(2) + 221)
) + 22 = 21 — 22 — 4my
] +4r] + 321 =0

So our characteristic equation is

r24+4r+3=0
and therefore
r = 1
To = 3

and so

To cre 3t 4 CQ@it) +2 (clef‘% + 0267’5)

:%(

= —cle_?’t + cze_t

z1(t) = cre”t 4 cge™3

z1(t) = cre” ! — cae 3

1
o3t
-1

Platform 93 (Aigen Vectors): From above, take the matrix

L

or, in matrix vector form,

1
1

et Co

f(t) =C1 [
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and let it be part of the definition of a linear operator T : R? — R2?,

Now, note that

and

So we see that

for A taken from the exponents and v is taken from that final matrix vector form of our solution. To prove
this note that

A1t Aot

T = 611716 + 021726

ZE/ = 01171/\16/\1t + 62172)\26)\2t

= ClA’l_}He)\lt + 62A1726>\2t

= AlerT1eM + cathe?!]
= AT
and the random substitution in the middle there is
AUy = Uy

Aty = Aoty

Definition 103: Let V and W be vector spaces over a field F. We call a function 7' : V' — W a linear

transformation from V into W if, Vx,y € V and ¢ € F, we have:
1. Tx+y) =Tx+Ty
2. T(cx) =cTx

Proposition 104: Given any linear transformation 7' : V' — W, the following hold:
1. TOy = Ow

2. T(cx+y) =cTx+ty,Ve,y e V,ce F
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3. T(x—y)=Tx—Ty,Ve,yeV

4. TN cimy) = >0 eilTx {z e, CV {¢}o, CF

Proof:
1.
TO0+2z)=Tx
TO0+4+2)=T(0)+ Tz
Tx=T(0)+ Tz
0=1T(0)

2. If T is linear, then
T(cx+y)=T(cx)+Ty=cTx+Ty

3. Just let ¢ = —1 and use Property 2 from Definition 103.

4. Use induction.

Example 105:

By the FTC,

Define a linear operator

Ty := /ty(S)ds

to
It is really easy to prove that this is linear and I'm too lazy to type it out for you.

Definition 112: Let V and W be vector spaces. Let T : V' — W be linear. If N(T') = ker(T) and R(T)
are finite-dimensional, then nullity (7') := dim(N(T)), and rank(T) := dim(R(T)).
Example 113:
T : P2(R) — P3(R)
T(f(x)) =xf(z) + f'(z)
Note that v := {1, x, 22} is a basis for Py(R).

(1)

( +) =a
T(x)

z-1
v+ (z) =22 +1

T(x?) =z 2>+ (2%) =2° + 2z
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By Theorem 111, 3 := {x, 2% + 1,23 + 22} is a basis for R(T).
T(f(z) =0 af+ f(z)=0& f=0

Therefore, ker(T) = {0} and therefore nullity(7T) = 0. Also, rank(T) = 3.

Theorem 114: Let T : V — W be linear. Then T is one-to-one if and only if N(T)) = {0} (that is,
nullity(T') = 0).

Proof: In the forward direction: Suppose T is one-to-one and = € N(T). Then Tz = 0 = T'(0). Thus,
N(T) C {0}. Since T is injectove, x = 0; so N(T) 2 {0} and so N(T') = {0}. In the reverse direction:
Suppose that N(T') = {0}. Say Tz = Ty for some z,y € V. Claim that = y. Note then that Tz = Ty =
Te—Ty=0=>Tx-y)=0=>c—-y=0=>zc=y

Theorem 115 (Dimension Theorem): Let T : V|rightarrowW be linear. If V' is finite-dimensional, then
nullity (T') 4 rank(7) = dim(V)

Theorem 116:
T . szd(R) — MQXQ(R)
2a11 — a1z a13 + 2a12 ]

a1l aiz ais
T =
G21 Q22 (23 0 0

Note that « := {E11, F12, ..., Fa3} is a basis for Myy3(R) and card(a) = 6.

(2 0
TE =

0 0

[ -1 2
TE; =

L0 0

o 1]
Tki3 =

_0 0_

o0 o]
TEy =

_0 O_

o0 o]
TFEy =

_0 O_

o0 o]
TEy3 =

_O O_

Theorem 111 implies that

R(T) ZSpan{TEij}:Span{[ (1) 8 ] 7 [ 8 (1) ]}
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Therefore

10 0 1
=] )
is a basis for R(T).

Platform 92 (Finding a Basis for N(T)):

20,11 —aijgp = 0

a13 +2a12 =0
1

ail = —1013
1

a2 = *5013

Therefore a basis for N(T) is

000 000 000 -1 -3 1
1t o0l lot1ol’loo 1|’ 0o 0 o0

Theorem 117: Suppose that dim(V) = dim(W) < co and T : V' — W is linear. Then the following are

equivalent:

1. T is one-to-one
2. T is onto
3. rank(7T") = dim(V)

Example 118:
T: ]P)Q(R — Pg(R))

T(f(x)) = 2/'(x) + / "5ty

T(1) =2(1) + /Ow 3dt = 3z

T(x) = 2(z) +/ 3tdt =2 + %1‘2
0

t(x?) = 2(z%) + / 3t2dt = 4x + 23
0
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Therefore as {T'1, Tx, T2?} is a L.I. set, by Theorem 111,
3 o 3
o= {3z,2 + 5% JAx + 27}
is a basis for R(T). Since nullity(7T) = 0 and ker(T") = {0}, by Theorem 115,

nullity(7') = dim(P(R)) — rank(7T)
=3-3
=0

Also, this means that the unique solution to the integrodifferential equation
T
2y’ +/ 3y(t)dt =0
0

is y(t) =0.

Theorem 119: Suppose {v1,...,v,} is a basis for V. For wy,...,w, € W, there does not exist a linear
transformation T : V — W 3 Tv; = w;, for 1 <i < n.

Corollary 120: Suppose V is finite-dimensional with basis {v1,...,v,}. f U, T : V. — W are linear and
Uv; = Tv,, for each i, then U = T.

Definition 121: Let V be finite-dimensional. An ordered basis for V' is a basis for V equipped with a
specific order.

Example 122:

Y= {61762763}

B ={e1,e3, e}

Note that v # § as ordered bases, but v = 3 as unordered bases.

Defnition 123: Let 8 = {uy,...,u,} be an ordered basis for V. For z € V| let ay,...,a, be the unique
scalars such that z = > ;. We define the coordinate transform of z relative to 3, denoted [z]g, by
Example 124: Let V = P4(R). 8 = {1, 2,22, 23,2} in an ordered basis for V. Then if f(z) =

Definition 138: Let T : V. — W be linear. A function U : W — V is an inverse of T if TU = Iy and
UT = Ty. If T has an inverse, then T is invertible. In this case, the inverse is unique and denoted by T!.

Factoids:
1. (TU)_1 =yU-iT-1

2. (T-H) =T
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Theorem 139: Let T : V — W be linear, where V and W are finite-dimensional vector spaces of equal
dimension. Then T~ exists if and only if rank(7) = dim(V').

Theorem 140: Let V and W be vector spaces and T : V — W be linear and invertible. Then T-!: W — V
is linear.

Theorem 141: Let V and W be finite-dimensional vector spaces with ordered bases 8 and +y, respectively.

Let T : V — W be linear. Then T is invertible if and only if [T}g is invertible. In this case,

77 = (1)

Example 142:
T : P2(R) — P2(R)

Tf=f+f+/"

ﬂ:{l,a:,:c2}
(11
[T]s = 1
00
(1 -1 o0
(7))~ = 1 -2
0 0 1

Corollary to Steinauer’s Theorem: Let God exist. Goodrich likes to draw pictures and should have
been an algebraist. Recall that Jesus would have been an algebraist. Therefore Goodrich = Jesus.
Definition 143: Let V and W be vector spaces. We say that V is isomorphic to W, denoted V =~ W,
if there exists a linear transformation 7' that maps V into W such that T is invertible. Such a linear
transformation is called an isomorphism from V onto W.

Theorem 144: Let V and W be finite-dimensional vector spaces over a common field F. Then V ~ W if
and only if dim(V') = dim(W).

Theorem 145: Let V and W be finite-dimensional vector spaces of dimension n and m, respectively, and

let 8 and v be oredered bases for V' and W, respectively. Then
D LV,W) :— M,xn(R)

defined by

is an isomorphism.
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Platform 93 (Eigenstuff):
Ty =Xy
y is the eigenvector and A is the eigenvalue.

Definition 146: Let 7' : V — V be linear. A scalar A\ is an eigenvalue of T if there is a nonzero

v € V 5 Tv = Av. In this case, v is called the eigenvector of T associated to A\, and (A, v) is an eigenpair.

AT = M\
AT — AT =0
AT — N7 =0
(A= ADF=0

and in order for this to have a nontrivial solution, the coefficient matrix (4 — AI) must have a determinant of

0 because if det(A—AI) # 0, then the equation above has a unique solution (i.e., ¥ = 0). So the characteristic
equation of A is

det(A — AT) =0

1
A= X
13
det(A — AI) =0
1
et 3] [r o0
13 0 A
1-x 3
1 3-)

Example 147:

3—4A+X—-3=0

A — 4\ =0
AMA—4)=0
A =0
Ay =4

Now find an eigenvector for A\; = 0:
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v1 +3vy =0
v1+3vy =0
(% :—31}2

So a possible eigenvector is

and so our eigenpair is

Now we find an eigenvector for Ay = 4:

*3’014’3’[)2:0
’U1—1]2:O
V1 = Vg

So a possible eigenvector is

and so our eigenpair is

Theorem 148 (Eigenspace Theorem): For each eigenvalue A of a linear transformation 7': V' — V| the
eigenspace
Ey:={0eV:Tv=\}

is a subspace of V.
Theorem 149 (Distinct Eigenvalue Theorem): Let A € M, (R). If Ay, ..., A, are distinct eigenvalues
with associated eigenvectors 1, ..., U, (p < n), then {71, ..., 0, } is a linearly independant set.

Proposition 150:



1. If A is diagonal, then the eigenvalues of A lie along the main diagonal.
2. If A is upper or lower triangular, then its eigenvalues are on the main diagonal.
3. If A € Mayo(R), then the characteristic equation of A is

A2 — (TrA)A+ |A] =0

Example 151: Consider the two-point BVP

y' +Ay=0
y'(0)=0
y(m) =0
Our characteristic equation is
24+ A=0

We must consider this case-by-case. First, consider A = 0.

r2 =0
r=20
Therefore
y(t) = At + B
But
y'(0)=0=A4
and

y(r)=0=Ar+ B =B
so the only possible y(t) is
y(t) =0
but this is the trivial solution so we get no eigenvectors from this case. Now consider A < 0.
24+ A=0
r? =\
r=4+vV-\=+u

Therefore
y(t) = Aet' + Be M

%)
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but according to Goodrich this doesn’t work out either, so we don’t get any eigenvectors from this case

either. Finally consider A > 0.

Therefore

and this time it works, because

y'(x)

So, checking the boundary conditions,

and therefore co = 0. Also,

which is satisfied when

So our eigenvalues are

24+ A=0
r2=—\
r=4ivV
r=Ziu

y(t) = c1 cos(put) + co sin(put)

—cypsin(ux) + cop cos(ux)

y'(0) =0 = cop

y(m) = 0 = ¢1 cos(um)

B _ 2n—1
K= Hn = 9

,neN

2

2
2n —1
)\n:UnQZ(n ),TLGN

and our eigenvectors are

yn(z) = cos (

2n —1

x),neN

Note that there are infinitely many eigenvalues. Also note that this problem has to do with the heat PDE

but I didn’t write down the details.

Platform 93 (Factoring Matrices):

First, find the eigenstuff.

0=|A—\|=

]

1-x 1
=X -22-3=01-3)(A+1)

4 1—A




So the eigenvalues are

Now we find some eigenpairs. First, for A;:

So

So a possible eigenvector is

and the assiciated eigenpair is

Now Ag:

So

So a possible eigenvector is

and the assiciated eigenpair is

Okay now let’s take it a step forward

A =3
Ay =—1
-2 1 0
4 -2 0
—21)1+U2:0
1
’1}1—57}2

21)1 +’l)2:0

V1 = —=<V2

. Consider

3
D = diag{)\l,)\g} == l 0

0
-1

|
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and

with associated inverse

s
| I

1
Pl 102 1] _| 3
41 -2 1 -3

Note that we just factored the matrix since
A=pPDpP!
Now let’s switch gears entirely and consider the system of differential equations represented by A:
7 = A%

which can be written as

or

/
T =21+ X2

xh = 4x1 + 19

Now do a clever change of variables and put & = P, which is equivalent to P~'% = #. This means that

HRERN
s EER
So
7 = A7
(Pu) = Az
Pi' = A%

Pi# =pPDP'7

Pi' = PDa
@ =P 'PDd
@ =IDd

i@ = Du
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which can be written as

and

uy = 3uq

Uy = —us

And see now this system is really easy to solve. Hooray for clever math tricks involving matrices! Now, we
can show this in general.

Theorem 152 (Diagonalization of a Matrix): Assume that A € M, (R) is given and has {\;}; as
its n (not necessarily distinct) eigenvalues and {;}7; as its n linearly independent associated eigenvectors.

Then if and only if we put

and
D :=diag{A1, ..., \n}
then
AP =PD
ie.,
A=PDp!

Definition 153: A and B are called similar, denoted

B A
if
B =P AP
Theorem 154: For a linear DE
7 = A%

with diagonizable matrix A, the change of variables £ = Pw transforms the original system into a decoupled
system

o' = D

where D = diag{\A1, ..., \n}, where Ay, ..., \,, are the eigenvalues of A.
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Theorem 155: For a linear DE
¥ = AT+ f(t)

with diagonizable matrix A, the change of variables ¥ = Pw transforms the original system into a decoupled

system
W =Dw+ P f

where D = diag{\1, ..., \n}, where Ay, ..., \,, are the eigenvalues of A.

Example 156:
H, 1 1|, t
T = T +
1 1 1

Platform 9frac34 (The Eigenvalue Method):
¥ = A%
A has eigenvalues A1, ..., A\, and eigenvectors v, ..., U,, we have
Z(t) = c101eMt + .+ e, Tpen?t

and, differentiating,

vecveer' (t) = A eMt + .+ ep Ty et
= Aty et + ... + ¢, AT, et
=A [611716>‘"t + ...+ cnﬁne)‘"t]

= A%

Theorem 157 (General Existence and Uniqueness): If f(¢) and A(t) are continuous on some interval
I3ty €I, then the IVP
= A(t)Z + f(t),Z(to) = Zo

has a unique solution that exists on all of I.
Example 158:




Find the eigenstuff:

—-1-A 2 B
4 1-X|
So
AM—9=0
and therefore our eigenvalues are \; = 3 and Ay = —3. For A1, note that
1
’U} = 51}%
and for Ao, note that
o = —o?

So we pick

and

So we have

and, of course, this means that

8
—~
~
=
Il
o
A%
—

z(t) = c1e® + coe™

y(t) = 2c1€3 — cpe™ 3!

Now, we go back and solve for initial conditions:

So

z(0)=4=c1+c
y(0) = =3 =2¢; — co

C1 —

Wl

61
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and
11
Cco = —
273
And then we draw a sweet phase portrait.
Example 159:
' =-2x+y
Yy =2y
o -2 1 .
2 -1
Find the eigenstuff:
—2-A 1
=0
2 —1-=A
So
M +310=0
and therefore our eigenvalues are Ay = —3 and A2 = 0. For A1, note that
R
and for Ao, note that
oh = L2
So we pick
B 1
V1 =
-1
and
2 =
2
So we have

8
—
~
Ny
Il
o
G
| —
[
—_
| S |
®
w
o~
_|_
Q
[\v)
| — |
[N
| I
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and, of course, this means that

z(t) = cre 3 + ¢y

y(t) = —cre™3 + 2¢y

And the phase portrait is really cool.

Platform 93 (Classifications):
A1 > 0 > Ag: Saddle point: one line repells solutions from the origin, the other attracts.

0 > A1 > Ag: 7 is the slow eigendirection, so solutions get closer to it faster than to ¥, but it still gets to
(0,0).

A1 > Az > 0: Same thing as above.
A2 < 0= Ag: One line (¥2) is composed entirely of equilibria. The other attracts solutions to the @5 line.

Example 160:

' = —2x — 3y
y =3—2

-2 =3

3 -2

—-2-A -3
3 —2-A

A:

=0

S0
44+4X+13=0

And you can go quandratic that yourself, I'm definitely not going to. The answers are

A =—-2+3
and

A =—-2-3i
Consider \; = —2 + 3i Our nontrivial solution is
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Consider Ay = —2 — 37 Our nontrivial solution is

So our solution is

f(t) =C [

Platform 93 (Davis’s Theorem):

Gauss ~ Jesus

Proof: Just think about it.
Example 161:

Eigenvalues:
/\1 =1
/\2 = —1
Eigenvectors:
_ 1 1 10
’()1 = = + 1
-1+ -1 1
L 1 1 0
Vo = = +
—1—1 -1 -1
Solutions:

I
)
<
S

1 0 .
#1(t) =€Otcost[ . ] —eOtsint[ ) 1 0ty

0 .
+e%sint [ ) 1 = Vtity,

1
) + co (cost [
-1

General Solution:

2]

. . . 1 . 0
fU(t) =171 + c2¥2 = ¢y | cost ) —sint )

... (Sally has this derivation) ...
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Platform 92 (Nonlinear Systems):
n
= Z a;jr'y’
i+j=0
n

g= Y bija'y’
i+5=0
Unsolved Problem 162: What is the maximum number of limit cycle in this equation for each n € N?
Example 163:

o =ty ale®+ o)
Yy =—z+y—y@*+y°)

Theorem 179 (Variation of Constants Formula): Assume that A is a continuous n X n matrix function
on an interval I, b is a continuous n x 1 vector function on I, and ® is a fundamental matrix for & = A(t)Z.
Then the solution to the IVP

fort e I.
Proof: First find &' and see if it satisfies the IVP:

T =0 (1) (to)wo + P'(t) /t OL(1)b(s)ds + (1) (1)b(t)

to

= &' (£)D (o) + A(L)D(t) / t B (£)b(s)ds + b(t)

to

= At)D ()P (to)zo + A(t)D(t) / t d(t)b(s)ds + b(t)

to

= A(t)[®()D (to)zo + <I>(t)/t 1 (t)b(s)ds] + b(t)

—

= A(t)Z(t) + b(t)
Next check the initial conditions:

o) = D(t0)8 (o) + (1) [ B (5)(s)ds = 7y

to
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And we are done.
Corollary 180: Assume that A is an n X n constant matrix and b is a continuous n x 1 vector function on
an interval I. Then the solution Z(t) of the IVP

where ty € I and ¥y € R™, is

fort e I.
Proof: Put ® := e4* in Theorem 179. Then using the fact that (e*)~! = e~4*  we find that

T(t) = O(t) D (to)To + D(t) /t O 1(s)b(s)ds

to

¢
= eAte= Ao g, + eAt/ e_Asb(s)ds

to

t
= eAlt=to) 7, +/ eA(t*S)l_)'(s)ds

to

Remark: In case to = 0:

Example 181:

First find the eigenvalues:

1-A 1
-1 3-A

3—AA+ XN 4+1=0

Therefore

Now we run through some algorithm:



and

and

SO

and

therefore

SO

and therefore

eAt

=p1Mo + p2M; = [

My =A—-M\I

ph = 2p2 + €%, pa(0) =0

Py — 2py = €

e_Qtpg = /eodt =t+C
po = te* + Ce*

pa(t) = te*

eZt 0 —t€2t t€2t _ €2t _ t€2t
0 2 + et o2t - o2t

24 5t —
1+t— 562 =t

| S|

Example 182: Use variation of constants to solve

1 2 0 2tet 2
01 2 |&Z+ 0 ,To =
0 0 1 0 0

et 4 te?

67
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Example 183: Consider the system

' = —y 4 z(2® 4 3?) sin N —
/332+y2

. ™
y' =z +y@@®+y°)sin [ ———
/x2+y2

Recall that

rr =T + Yy
and . .
y 2 _yr+xy
0 sec” 0 = >
=1

so the limit cycles move clockwise, and

Q . s
7’/ = T’d Sin (7)
r

so we get limit cycles of radius r = %, k € N. Note that they are of alternating stability.
Platform 9% (The Laplace Transform): It’s basically Transfirguration.
Definition 184: Given a nice function f(t), we define the Laplace transform of f(¢) by

LU= [ et f(t)de = F(s)

0
Remark: L is a linear transformation between suitable infinite dimensional vector spaces.

Platform 9% (Laplace Trasfrom of Heaviside-Type Functions):

f<t>={ ' t<“}=H(t—a>g<t>

gt) , t>a

Using the substitution 7 =t — a,

LU/t = / T et iyt

= /a e Stg(t)dt

:/ 6_8(7+a)g(7+a)d7
0

o0
= 675“/ e *tg(t + a)dr
0

=e L{g(t+a)}
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Proposition 185: Suppose that a > 0 and ¢(¢) is nice. Then
LLgO)H(t —a)} = e L{g(t +a)}

Platform 93 (Laplace Transform of f/(t)):

ufm}:Ame“fmﬁ

Use integration by parts:

u=e %t  dv=f'(t)
du = —se™st v = f(t)

Thus we have

el = [ et
=e S f)e + /OOO se S (t)dt
_ Lujgo st f(b)] —OF(0) 4+ s /0 e~ f(1)dt
=0—f(0)+sL{f(1)}
=sL{f(t)} — f(0)

Theorem 186: Assume that f is of exponential order (that is, the limit lim,_., e *° f(b) from above exists).
Then

L{f(t)} = sL{f()} - £(0)

Platform 93 (Laplace Transform of f”(t)):

Lif 0y = [ et o

0

Use integration by parts:
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Thus we have
C{f ()} = / e (1)t
— et + 8 /OO e (1) dt

0
o)

= [ )] - ro)+s [T e
=0—f(0) + sL{f'(1)}
— [(0) + s [SLLFD)} — F(0)]
= s"L{f()} = s£(0) = £'(0)
Example 187:
y" —y=0,9(0) = ~1,4(0) =3
Using the substitution Y (s) = L{y},
L{y" -y} = £{0}
L{y"} -1 = £{0}
7Y (s) — sy(0) =/ (0) = Y (5) = 0
$°Y(s)+5—-3-Y(s) =0

3—s

Y(s) = ——

(5)= 27

Now we need to invert the Laplace transform. First, use partial fraction decomposition on the fraction to
get
-2 1
(s) =
s+1 s—1

So

o0 = £ L )

e P B o Py
=2 "+eé

Example 188:
F(t) =11 - H(t - 2)]e"

e tH(t - 2)

e
et t<2
0o , t>2
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L{f(t)} = L{e™"} = L{eT"H(t - 2)}
=L{e"} — 6_23£{€_(t+2)}
=L{e7"} —e 2 L{e e}
— E{eit} o 672572[:{6715}
=[1- 6_25_2] L{e "}

1— 672572

s+ 1

Definition 159: Let f and g be functions on the real line. Then the convolution of f and g, denoted f * g,
is defined by

(f*9)(t) = / f(r)g(t — 7)dr

Platform 9% (Riemann-Lionville Fractional Integral of Order v > 0):

Observation: Let’s find t % e

Use integration by parts:

So we have
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Now let’s take the Laplace transform of this, given that £{t} = %, L{e"'} = 1<1rs7 and £{1} = 1.

L{txe "} =L{t—1+e"}

= £{t} — L{1} + L{e 7"}
1 1 1

25 1ts
!

- s2(1+s)

= £{t et}

Theorem 190 (Convolution Theorem):

L{f g} = L{f LA}

supposing that everything exists.

Example 191: .
b(t) = f(t)e ™ —|—/0 f(z)b(t — x)e ™ **dx

Editor’s Note: This is the first instance of f(x) since Example 124.
Letting k(t) = f(t)e ",

b(t) = f(t)e ™ + (bxk)(t)
So, letting £{b(t)} = B(s) and L{k(t)} =

L{b(t)} = LLK} + L{(b* k) ()}
B(s) = K(s)+ B(s)K(s)

__K(s)
1—K(s)

0= )

Editor’s Note: Integrals with variable upper limits are called Volterra type integrals, while integrals with

B(s)

So the solution is

constant limits are called something else that I can’t remember.

Platform 92 (Sturm-Lionville Problems):

Definition 192: A Sturm-Lionville Problem has the form:
(p(t)z") + q(t)x + Ar(t)x =0

az(a) — pr'(a) =0

vz (b) — 6z’ (b) = 0
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a?+ 4% > 0,72+ 6% > 0 And if you define
Lz = (p(t)z) + q(t)x
L : C?(R) — C?%*(R) then this becomes
Lz = —Ar(t)x

az(a) — Bz'(a) =0
yz(b) — 62’ (b) =0

And the boundary conditions have special names that I didn’t write down.

Definition 195: Assume that r : [a,b] — R is continuous, and r(¢) > 0 but not identically zero on |a, b].
The inner product with respect to the weight function r of the continuous functions x and y on [a, b]
is

b
<xzy >7~:/ x(t)y(t)r(t)dt

Definition 196: If < z,y >,= 0, then x and y are orthogonal with respect to the weight function r(¢) on
[a, b].
Example 197: Let

x(t) =2
y(t) =4 — 5t
r(t)=t

[a,b] = [0, 1]

<y >T=/ t2(4 — 5t)tdt

0
1

:/ 4¢3 — 5¢tdt
0

T4 511

_[t _t]o

=0-0

=0

Therefore x and y are orthogonal.
Theorem 198: All eigenvalues of SLPs are real and simple. Corresponding to each eigenvalue there is a
real-valued eigenfunction. Eigenfunctions corresponding to distinct eigenvaules of SLPs are orthogonal with

respect to the weight function r(¢) on [a, b].
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Lemma 199 (Lagrange Identity): Assume z and y are sufficiently differentiable. Then

[pOWly(t), 2@
H{y(®), 2t}

y(t) La(t) — x(t) Ly(t)

Proof:
POWIy(t), 2(@)]]" = POy (1)’ (t) —2(t)y' (O]
= [p(y(t)a’(t) = p(t)a(t)y' (t)]
= y() (p(t)a’ (1)) + o/ (B)p()' (1) — () (p()y' (1)) = 2/ (D)p(t)y' (1)
=y(t) [(p(t)2" (1) + a(®)z(t)] — 2(t) [(p()y' (1) + a(t)y(t)]
=yLz —xLy

Now assume that (A1, 1) and (A2, z2) are eigenpairs for a SLP. By Lemma 199:
x1Lxe — wo Ly = [p(t)Wx1, 22])’
for ¢ € [a, b]. So,
(A1 = A2)r(t)zr (t)z2(t) = [p(t)W 21, 22])
for t € [a,b]. By FTC, we get that

(M = A2) <1, 20 > = {p(tO) W1, 1‘2]}2 = p(b)Wlx1, 22](b) — p(a)W [z, x2](a)
=0

Now to show that this last step is true, apply the initial conditions after expanding the Wronskians to get

pla)Wlx1, z2](a) = p(a)[z1(a)rh(a) — z2(a)z)(a)]

= pla)lzi(e) Gr2(a) = 22(a) g1 (a)]

=0

given 3 # 0. If 8 = 0 then actually this is trivially true. The point is it’s true. Therefore provided \; # A2,
x1(t) and z2(t) are orthogonal with respect to r(t) on [a, b].

Now assume that (Ao, o) is an eigenpair for the SLP. It turns out that (X, Zo) is also an eigen pair. So, It
follows from above that

()\0 - 5\0) < xg,xo >r=0

Thus, A\g = A\g < Ao € R, because < zg, Zo >, is not going to be zero unless o = 0.
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Next, assume that Ao is an eigenvalue for the SLP and that x1,zs are associated eigenfuntions. Note that

as x1, To satisfy the boundary conditions it follows that
Wz, z2](a) =0

We also know that z1,zs satisfy the same DE, namely Lz = Aor(t)z. But then z1,z9 are LD on [a,b].
Therefore \q is simple.

Theorem 200: If ¢(t) < 0 on [a,b], a8 > 0, and 7§ > 0, then al;l eigenvalues of the SLP are nonnegative.
Proof: Assume that )\g is an eigenvalue of the SLP. By Theorem 198, 3 a real-valued eigenfunction xg

associated to Ag. Then
(p(W)z(t))" + (Aor(t) + q(t))zo(t) = 0

for ¢ € [a,b]. Multiplying through by xo(t), we get
o (t) (p(H)ao (1)) + (Nor(t) + q(t) 20 (t) = 0

b b b
/wo(pxg)’dt—i—/ )\Orxodt+/ qro’dt =0
a

a
b b
)\0/ rxodt = / To paco dt—/ qxozdt
a
b
> — / Zo pa:o

Example 208:

r =Y

/

Y =-y+a—2a’

Note that (0,0) is an equilibrium point. For z << 1, 2% << 1. So, we will analyze the linearized system

=y
y=-y+ua
which we can recast as
_,, 0 1
xr =
1 -1
Looking at the determinant
0— A 1 B
1 —1-X|

A+A2—-1=0
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So our eigenvalues are —% + § Therfore this equilibrium is a saddle point. Another equilibrium is (1,0).
Put

u:=x—1
vi=y
Then
u =
v/ — y/
Then
u=v
v = —2u—v—3u?—u}
which is approximately equivalent to
!
u =wv
v =—2u—w

i\zﬁ, so we have a stable spiral. The final equilibrium

close to the equilibrium. Our eigenvalues here are —% +
at (—1,0) is a stable spiral by similar analysis.

Platform 93 (Formal Linearization):
o' = f(z,y)
v =9(,y)

Suppose that &, is an equilibrium point for the system. Let’s put (u,v) := (z — Z¢,y — ye). Then

u = flu+Te, v+ ye)
v =g(u+ xe, v+ ye)

Assuming that f and g are nice, we get the following first-order Taylor polynomials:
f(xy) = f(Te) + (v — we) fu(Te) + (v — ye) fy(Ze) + Ra(2,y)

and
g(w,y) = f(Ze) + (v — ) gu(Te) + (y — ye)gy(fe) + Ri(,y)
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It must be the caese (c.f. Colley, Section 4.1) that

Thus

which is actually

= Df(fe)ﬁ
Example 209:
=y
y =z(z—4)

The only equilibrium points are 2 = (0,0) and #2 = (4,0). Note that the Jacobian here is

0 1

(@) = [ 2% —4 0

and therefore

29:2—4 ()_
So
0 1
J(@) = =M, =42
(e) [_4 0‘| 1,2
and

0 1
J(fz)_l4 0];»%{72_12

For #1, it is guaranteed that the equilibrium is a neutrally stable center. For Z?, it is uncertain that we will
get an unstable saddle but we do, as shown by a picture.
Example 210:

o=y —allF|| =y —zva?+y?

y'=—z—yllzl = -z —yva? —y?
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There is an equilibrium at (0, 0).

0 1

J(0,0) =

-1 0
So our eigenvalues are A\; o = %i. Since these are pure imaginary, we can’t tell if it will spiral in or out.
Think about it and split the vector field into two separate vector fields across the addition.
Platform 93 (Floquet Theory):
Theorem 211 (Jordan Canonical Form): If A is a constant n x n real matrix with eigenvalues Ay, ..., Ay,

then there is a nonsingular constant matrix P > A = PJP~!, where J has the block diagonal form

J o 0

J =
0 - Jp

and J; is either the 1 x 1 matrix [\;] or

X 10 |

g

J; = 0 X 1<i<k

L0 0 0 - N

Theorem 212 (Logarithm of a Matrix): If C' is an n X n nonsingular matrix, then there exaists a matrix
B such that
B =cC

Theorem 213 (Floquet’s Theorem): If ¢ is a fundamental matrix for the Floquet system

where A is continuous on R and w-periodic, then
U(t) = P(t +w)

is also a fundamental matrix, V¢ € R. Further, there is a nonsingular, continuously differentiable matrix

function P(t), where P is w-periodic, and an n X n constant matrix B (possibly complex) such that
U(t) = P(t)eP!, vVt e R
Proof: Assume that ® is a fundamental matrix for the Floquet system. Put
U(t) :=V(t+w)

Note that:
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1. det () = det ®(t+w) #0,Vt € R
2.9 )= (t+w)=At +w)P(t+w) = A(t)T(t)

whence U(t) is also a fundamental matrix. Moreover, since ® and ¥ are fundamental matrices for the same
system, it can be shown that there exists a nonsingular constant n X n matrix C 3 ¥(t) = (¢t + w) =
®(t)C,Vt € R. By Theorem 212, 3B > 5% = C. Put

Clearly, P € CY(R,R™*"). Also:

P(t+w) = ®(t+w)e PBY = o(t)Ce  Bre Bt

Vt € R and
P(t)eB! = o(t)

Definition 214: Let ® be a fundamental matrix for a Floquet system Z’ = A(¢)Z. Then the eigenvalues of
C : ®71(0)®(w) are called the Floquet multipliers for the Floquet system.
Proposition 215: Floquet multipliers are well-defined.

Proof: Let ® and ¥ be two different fundamental amatrices for the Floquet system. Put

C:=d10)?(w)
D=0 10)¥(w)

Firstly, there exists a constant, nonsingular n X n matrix such that
U(t) = d(t)M,Vt € R
But then

D =910)¥(w)
= [2(0)M] ™ [ (w)M]
=M1 H0)®(w)M
=M'CM

So C is similar to D. Since similar matrices have the same eigenvalues, C' and D have the same eigenvalues

and Floquet multipliers are well-defined.
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Example 216:
L [ 1 )
r = . x
0 00§t+smt
2+4sint—cost

x’l =X + X2

, cost +sint
o=|——"FT"7T"—"—]|2
24 sint — cost

We can solve this by seperation of variables.
t t
/ / cost + sin _cost+sint
T 2+ sint — cost
In|zs] =In|2 +sint — cost|
x9 = B(2 +sint — cost)
By IFM,
r1 = ae' — B3(2 +sint)

So our fundamental matrix is

(1) =

—2 —sint et
24+sint —cost 0O
So

! = ! ’ -
—et(2+sint —cost) | —2 —sint +cost —2—sint

]

and at t =0, it is
Note that w = 27, so
So

=1(0)®(27) = [ (1) ; 1 [ w2 ]

So our Floquet multipliers are 1 and 2"
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Theorem 217: Let ®(t) := P(t)eP! be as in Floquet’s Theorem. Then 7 is a solution of the Floquet system
if and only if the vector i defined by
g(t) := P71(t)Z(t),t € R

solves § = By.

Proof: Assume that & solves the Floquet system. Then Z(t) = ®(¢)Zy, where ¥y € R™ is fixed. Put
g(t) == P~H()(t)
Thus,

y(t) =

which proves the claim in the forward direction. Conversely, assume that ¢ solves ¢ = By. Put

Z(t) = P(t)y(t)

Also, since ¢/ solves if = B, i = ePijy for some fixed 7y € R”. But then

which proves the claim.
Theorem 218: Let py, ..., iy, be the Floquet multipliers for the Floquet system &’ = A(t)Z. Then the trivial

solution is:
1. asymptotically stable on [0, 00) if and only if |u;| < 1,Vi
2. atable on [0, 00) provided that |u;| < 1,Vi, and whenever |p;| =1, u; is a simple eigenvalue
3. unstable on [0, 00) provided that there is an index ig, 1 < ig < n, such that |u;| > 1.

Theorem 219: Assume py1, ..., iy, are the Floquet multipliers for the Floquet system &' = A(¢)Z. Then:

n

H/“ _ JoTtrlAwat

i=1
Theorem 220: The number pug is a Floquet multiplier of the Floquet system for the Floquet system
2!

¥ = A(t)Z if and only if there exists a nontrivial solution # such that Z(t+w) = peZ(t), vVt € R. Consequently,

the Floquet system admits a periodic solution of period w if and only if pug = 1 is a Floquet multiplier.
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Example 221 (Hill’s Equation): Consider the scalar differential equation

¥ +q(t)y =0

where ¢ is continuous and w-periodic on R.

2
pip2 = HM |
i=1

Example 222 (Mathieu’s Equation):

y" + (a+ Beost)y =0

We get from Example 221 that

“1(avﬁ)u’2(avﬂ) =1

Let y(a, B) == p (e, B) + p2(c, B). Then

1=y B)p+1=0

So
+4/7%—4
And you can analyze this case by case.
Example 223:
1. Show that if puy = —1 is a multiplier if the Floquet system @ = A(¢)Z, then there is a nontrivial

solution of period 2w.

. Show that

is a solution of the Floquet system

3 a2 3 :
= [ —1+ 5cos“t 1—2005tsmt]

—1- %sintcost -1+ %sin2t

Find a Floquet multiplier for this system, find the other one, and analyze the stability of # = 0. Then

show that for each ¢, the coefficient matrix has eigenvalues with a negative real part.
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3. Show that if ug is a Floquet multiplier for the Floquet system
¥ =A%

then there is a umber pg (called a Floquet exponent) such that there is a nontrivial solution Zy(t) of
the original system such that

fo(t) = e””tpo(t)
where py € C'(R,R¥) and is w-periodic.

Proof of Theorem 220: For the forward direction, assume that pg is a Floquet multiplier for the Floquet
system. Then pyg is an eigenvalue of the matrix C' := ®~1(0)®(w), where ® is a fundamental matrix for the

Floquet system. Let &y be the eigenvector associated to ug and put
Z(t) := ®(t)@p,Vt € R
It follows that Z is nontrivial, Z solves & = A(t)Z, and

Tt +w) =0+ w)p

as desired. Conversely, assume that 3 a nontrivial solution #(¢) such that
Tt +w) = uoZ(t),vt € R

Let W(t) be a fundamental matrix for the Floquet system. Then # = ¥(t)7,Vt € R, € R*\{0}. By

Floquet’s Theorem, ¥(t 4+ w) is also a fundamental matrix for each ¢ € R. So, it follows that

Z(t 4+ w) = po@(t)
U(t+w)jo = poV(t)%o
U (t)Dijo = ¥ (t)1odo
whence, by definition, is a Floquet multiplier, as claimed.
Theorem 224: If ¢ is a fundamental matrix for ¥ = AZ, then ¥ = ®C', where C' is an arbitrary n X n

constant nonsingular matrix, is a general fundamental matrix of ¥’ = AZ.

Proof: Assume that ® and ¥ are as given in the statement of the theorem. Then

1. det ¥ = det[®PC] = det Pdet C,Vt € R
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2. W(t) = D' ()C = A(t)B(t)C = A()T(t),Vt € R

whence U(t) is also a fundamental matrix. Now to show that every fundamental matrix has this general

form, assume that ¥ is an arbitrary but fixed fundamental matrix of &' = A(¢t)Z. Let to € I and let
C() = q)_l(to)\IJ(to)

So, Cy is nonsingular and ¥(ty) = ®(t9)Co. Also, ¥'(t) = A(¢)¥(¢t). By uniqueness of solutions to IVPs,
U(t) = ®(t)C.



